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Edge modes are studied for the hierarchical fractional quantum Hall liquids (FQHL) by treating
the edge and bulk in a unified fashion. Within the RPA treatment of the composite boson effective
theory with Coulomb interaction, one edge magneto-plasmon is shown to be the eigen-mode of
the system. This mode decays algebraically perpendicular to the edge. All the other modes decay
faster than power-law, and correspond to the neutral modes. However these neutral modes generally
couple with the electromagnetic field within the magnetic length from the edge. The time-of-flight
experiment in the ν = 2/3 FQHL is discussed in terms of these results.
Keywords: D.electron-electron interactions, D. electronic transport, D. fractional quantum Hall
effect
The fractional quantum Hall liquids(FQHL) are the in-
compressible quantum fluids, and the density fluctuation
costs finite energy. Then the low lying excitations are
possible only along the edge of the sample, which consti-
tute the edge modes. These one-dimensional edge modes
are described as the chiral-Tomonaga-Luttinger (CTL)
liquids [1] . Recently, Milliken et al. observed at the
Landau level filling factor ν = 1/3, that the conductance
G is proportional to T 2/ν−2 which coincides with the pre-
diction by Kane and Fisher about Tomonaga-Luttinger
liquid [2] . Then it seems that the CTL theory works for
the filling fraction ν = 1/(2k + 1) (k: integer).
At the filling fraction ν = m/(mp + 1) (m:integer,
p:even), it is believed that FQHS has |m| CTL modes.
Especially in the case m < 0, it is predicted that there is
one edge mode which has chirality opposite to the other
modes.
However the time of flight experiment of the pulse in-
jected into the ν = 2/3 FQHL has detected only one
chirality corresponding to the electron [3] .
Kane et al. claimed that the backward scatterings
caused by the impurities along the edge play a crucial
role for the quantization of the Hall conductance [4].
These backward scatterings make the neutral mode mas-
sive, and only the charged mode carries the Hall current.
However the fractional quantum Hall effect (FQHE) is
a bulk phenomenon, and recently one of the present au-
thors have shown that the Hall conductance is quantized
without any randomness at the edge [5]. In this formal-
ism, the edge and bulk are treated in a unified fashion
and the edge modes are derived as the eigen-modes of
the total system which are localized near the edge. With
the short-range potential, the length scale perpendicu-
lar to the edge is of the order of the magnetic length
ℓB =
√
ch¯/eB. The edge currents, which are localized
within this length, are driven by the electric field along
the currents while the bulk currents are transverse.
On the other hand, a theory for the edge magneto-
plasmon has been developed by Volkov and Mikhailov [6].
This theory takes into account the long-range Coulomb
interaction but the relation between current density ~J(r)
and the electric field ~E(r) is assumed to be that of the
bulk up to the edge of the sample, i.e.,
Jα(r) = εαβσxyEβ(r). (1)
where α, β = x, y and εαβ = ±1 is the antisymmetric
tensor. Then this theory does not take into account the
edge currents, and is considered to be relevant to the
length scale much larger than ℓB, e.g., ∼ µm.
Then the relationship between these two theories is
not clear at present. Recently Orgad and Levit [7] have
developed a theory for the edge mode for the FQHL
with ν = 1/(2k + 1). They take into account the long-
range Coulomb interaction, which is similar in spirit to
ref. [5] in the sense that the edge mode is derived from
the bulk action. Orgad and Levit solved the RPA equa-
tions with the use of the ground state solution which is
parametrized by the total charge of the system. They
could treat also the case of the smooth change in the
electron density near the edge. However their treatment
is restricted to the case of ν = 1/(2k+1), i.e., the single
mode case. On the other hand, Wen takes into account
the long range nature of the Coulomb interaction in his
one-dimensional action [8]. He concluded that only the
magneto-plasmon is charged while all the others are neu-
tral. However his treatment of the Coulomb interaction
is rather phenomenological, and the spatial dependence
perpendicular to the edge could not be studied.
In this paper we study the edge modes in the hierar-
chical FQHL in terms of the bulk action. This treatment
naturally interpolates between the theory of magneto-
plasmon by Volkov-Mikhailov [6] and that of the edge
modes by Wen [1]. This work corresponds to the gener-
alization of the method developed by Orgad and Levit
[7] to the hierarchical case with the filling factor ν =
m/(mp+ 1) ( m :integer, p :even). It is found that only
one mode is decaying algebraically and has the dispersion
1
like ωk ∼ −k ln k. This is the edge magneto-plasmon,
and corresponds to the fluctuation of the total charge
near the edge. All the others decay faster than power-
law, probably exponential decaying within the magnetic
length ℓB, and appear neutral in the longer length scale.
The hydrodynamic argument reveals that the dispersion
of these modes are ωk ∝ k. Then our microscopic study
confirms the conclusions by Wen clarifying its range of
validity. From these results, we also discuss the time-of-
flight experiment of the injected charge to the ν = 2/3
FQHL.
In the case ν = m/(mp + 1), we begin with the bo-
son Chern-Simons Ginzburg-Landau theory. To begin
with, we transform electrons to the composite fermions
with p-flux of the Chern-Simons gauge field aµ attached.
Then the electron problem becomes that of the integer
quantum Hall system with |m|-filled Landau levels for
composite fermions [9] . Each composite fermion is re-
placed by a boson with a flux φ0 = ch/e attached to it.
This flux corresponds to the other Chern-Simons gauge
fields aIµ with I = 1, 2, · · · , |m|. By integrating over aµ
after shifting aIµ to aIµ− aµ , we obtain the Lagrangian
density as
L =
|m|∑
I=1
[
ρI (−h¯∂tθI − U + eaI0)− ρI
2MI
(
h¯∇θI + e
c
A+
e
c
aI
)2
− h¯
2
2MI
(
∇ρ
1
2
I
)2
+ λI
(
ρb
|m|ρI −
1
2
ρ2I
)]
−1
2
∫
d2r′V (r− r′) [ρ (r, t)− ρb (r)] [ρ (r′, t)− ρb (r′)] + e
2φ0
ν′
∑
I,J
KIJǫ
µνλaIµ∂νaJλ. (2)
Where U is an external potential, KIJ = p− (p |m| − 1) δIJ , ν′ = 1/(|m| p− 1), ρ =
∑
I ρI , and ρb is the background
positive charge density. The magnetic field B is in the −z direction. Each boson field is characterized by the mass
MI and the short range hard core interaction λI . Now we generalize the treatment by Orgad and Levit [7] to derive
the edge modes from eq.(2). Taking the variational derivative with respect to ρ, θI , and aIµ, the mean field equations
are obtained. Putting vI = (h¯∇θI + e/cA+ e/c aI) /MI , these mean field equations are
− h¯∂tθI − U + eaI0 − MI
2
v
2
I +
h¯2
2MI
1√
ρI
∇2√ρI + λI
(
ρb
|m| − ρI
)
−
∫
d2r′V (r− r′) [ρ(r′, t)− ρb(r′)] = 0, (3)
ρI =
∑
J
KIJ
(
ν′
h
MJ∇× vJ + ν′ B
φ0
)
, (4)
ρIvI × eˆz − cν
′
h
∑
J
KIJ
[
∂t
(
MJvJ − h¯∇θJ − e
c
A
)
+
e
c
∇aJ0
]
= 0. (5)
The equation of continuity is derived from these equations. The ground state is obtained by solving these equations,
but its explicit form is not needed in the following consideration.
We consider a sample which spreads over the semi-infinite plane(x ≥ 0). In this geometry, we have the translational
invariance along y-direction, then ρI and vIy are the functions of x only and vIx = 0. We choose the Landau gauge
for the gauge fields aIµ, i.e. aI = (0, aIy(x)) and A = (0,−Bx). In this gauge choice, we see that ∂yθI and ∂tθI are
functions of x only and ∂xθI ∝ vIx is equal to 0. Then we can write θI = q′Iy − (µI/h¯)t with constant q′I and µI .
From (4), the excess charge qI
(
=
∫∞
0 dx (ρb/ |m| − ρI)
)
of I component boson field is related to q′I by qI =
(ν′/2π)
∑
J KIJq
′
J . The boson fields equilibrate each other, and the chemical potential for Ith component boson
is equal to each other, i.e., µI = µ (I-independent).
Linearizing the mean field equations around the ground state solutions, we get the RPA equations :
δρI − ν
′
h
∑
J
KIJMJ (∂xδvJy − ∂yδvJx) = 0, (6)
ρIδvIy + vIyδρI − cν
′
h
∑
J
KIJ
[
MJ∂tδvJx +
e
c
∂xδaJ0
]
= 0, (7)
ρIδvIx +
cν′
h
∑
J
KIJ
[
MJ∂tδvJy − h¯∂t∂yδθJ + e
c
∂yδaJ0
]
= 0, (8)
h¯∂tδθI = −MIvIyδvIy + f (ρI , δρI) + eδaI0 − λIδρI −
∫
d2r′V (r− r′) δρ (r′, t) . (9)
2
where f is given by f (ρ, δρ) = −(h¯2/4MI)ρ−3/2
(∇2ρ1/2)
×δρ+(h¯2/4MI)ρ−1/2∇2
(
ρ−1/2δρ
)
. We will show below
that one solution to these equations is obtained from the
ground state configuration. For this purpose, we consider
the ground-state solution with the fixed total charge ,
i.e., q =
∑
I qI . We differentiate this ground state con-
figuration ρI ,vIy, aI0 and θI with respect to the total
charge q, and the derivatives are denoted by δρ
(s)
I etc.
When taking the derivative we choose dqI = dq/ |m|,
which means that the charge of each component oscil-
lates in phase. By using these, we try the solution to
eqs.(6)-(9) which has the following form.


δρI = δρ
(s)
I (x) cos (ky − ωt) ,
δaI0 = δa
(s)
I0 (x) cos (ky − ωt) ,
δvIy = δv
(s)
Iy (x) cos (ky − ωt) ,
δθI =
2π
ν′
1
k
sin (ky − ωt) .
(10)
From eq. (8), it is seen that δvIx is of the order of k or
ω and we put δvIx = 0. We put eq.(10) and δvIx = 0
into the lhs of eqs.(6) - (8), and keep only the lowest
order terms in k and ω. After that we obtain the very
equations for δρ(s) etc that coincide with the equations
obtained by differentiating the ground-state equations by
the total-charge q. Then it has been shown that δρI etc.
in eq.(10) satisfy the eqs.(6)-(8). The last equation (9)
gives the dispersion ωk of this mode. In the last term in
the rhs of eq.(9), the Coulomb interaction leads to the
modified Bessel function K0(|k|x). This function can be
approximated as K0(|k|x) ∼= log (2e−γ/ |k|x) (γ is the
Euler constant), because the ground state charge density
is localized in the region of the order of magnetic length
ℓB perpendicular to the edge. Then the dispersion is
h¯ωk =
ν
2π

 1
|m|
|m|∑
J=1
∂µ
∂qJ

 k − ν e2
π
k log
2e−γ
|k| . (11)
From eqs.(3)-(5) the asymptotic behavior of the
ground state solution for x ≫ ℓB can be obtained
as vIy ∼ (2ν′/h)(|m| /ρb)(qe2/x), ρI − ρb/ |m| ∼
−(2ν′2/h2)(|m| /ρb) (
∑
J KIJMJ) (qe
2/x2), and ∂xaI0 ∼
2qe/x . Then the mode obtained above decays al-
gebraically perpendicular to the edge, i.e., δv
(s)
Iy ∼
(2ν′/h)(|m| /ρb)(e2/x), δρ(s)I ∼ −(2ν′2/h2)(|m| /ρb)
(
∑
J KIJMJ) (e
2/x2) and ∂xδa
(s)
I0 ∼ (2e/x). Then this
mode can be identified as the edge magneto-plasmon be-
cause (i) it corresponds to the oscillation to the total
charge q, i.e., the charge of each boson oscillates in phase.
(ii) The spatial extent of this charged mode into the bulk
is much larger than the magnetic length ℓB, and is insen-
sitive to the details of the edge and the hierarchy struc-
ture of FQHL. This enables the classical treatment as
given by Volkov-Mikhailov [6].
Thus we have found one eigenmode of the system. The
next problem is if there are other charged modes which
have the similar properties as that above, i.e., ωk ∝ k ln k
and the power-law decay. To see this we analyze RPA
equations (6)-(9) in the asymptotic region x ≫ ℓB. We
are interested in the solutions with the power law decay,
i.e., δρI ∼ rI/xα cos(ky−ωt), δvIy ∼ sI/xβ cos(ky−ωt),
∂xδaI0 ∼ tI/xγ cos(ky − ωt), where rI , sI , tI and α,
β, γ are some unknown constants. Putting these forms
into eqs.(6)-(9), we neglect the terms which are the or-
der of k or ω and keep only the dominant terms in the
region x≫ ℓB. Then we obtain the exponents as α = 2,
β = γ = 1 and
rI = −ν
′
h
∑
J
KIJMJsJ , (12)
sI =
|m|
ρb
eν′
h
tI , (13)
tI = −2e
∫
dx′δρ(x′). (14)
It should be noted that if the total charge
∫
dx′δρ(x′) is
finite, it coincides with the asymptotic behavior of the
mode obtained above. From the uniqueness of the so-
lution to the differential equations, it is concluded that
the edge magneto-plasmon is single. All the other modes
are neutral in the sense that
∫
dx′δρ(x′) = 0, and hence
decay faster than any power-law, probably exponentially,
within the magnetic length ℓB. This is because ℓB is the
only length scale when the Coulomb interaction is irrele-
vant, and the edge theory with short range interaction [1]
[5] is applicable. Note that this condition mentions only
about the integral of the charge, and generally the charge
density of each neutral mode is not zero within the length
scale of ℓB from the edge. This leaves the possibility to
detect the neutral modes in terms of the electromagnetic
measurements if the probe is localized within ℓB from the
edge.
Now we study the other edge modes more explicitly.
For this purpose we resort to the hydrodynamic treat-
ment regarding the FQHL as a completely incompress-
ible fluid up to the edge [10]. This method is rather
phenomenological and less exact, and can not reproduce
the correct behavior perpendicular to the edge. However
all the edge modes can be derived in a simple way. We
start from the following equation which can be obtained
from eq.(3) by taking the gradient.
MI [∂tvI + (vI · ∇)vI ] = h
ν′
∑
J
K−1IJ ρJ (vJ − vI)× eˆz
−eE− e
c
vI ×B+∇PI , (15)
where
PI =
h¯
2MI
1√
ρI
∇2√ρI + λI
(
ρb
|m| − ρI
)
−
∫
d2r′V (r− r′) [ρ(r′, t)− ρb (x′)] (16)
3
and eˆz is unit vector of z-axis. Now the approxima-
tion of the complete incompressibility is introduced. Be-
cause the density fluctuation is zero [10] , ∇ × vI =
(e/MIc)∇ × (A + aI) = 0 . From this equation the
velocity vI is expressed by the scalar potential φI as
vI = ∇φI . In addition ∇ · vI = ∇2φI = 0 from the
equation of continuity . Then each vI is expressed as
vI = φ
(0)
I ∇eiky−|k|x−iωt with some constant φ(0)I . For
V (r), we take the Coulomb interaction : V (r) = e2/ |r|.
Now we introduce an approximation for the pressure PI .
We divide PI into two contributions. One is from the long
range Coulomb interaction, which corresponds to the
third term in the rhs of eq. (16). The other is the surface
tension due to the short-range interaction which roughly
corresponds to the first and second terms. We write
the surface tension energy as E
(I)
S.T. = (λ
′
I/2)ρ
2
b
∫
dyξ2I (y)
with ξI being the displacement of ρI at y and the pres-
sure from it is given by (PI)S.T. = (|m| /ρb)(δE(I)S.T /δξI).
The Coulomb interaction is taken into account by the
3-dimensional Coulomb integration [10] . The displace-
ment ξI is related to ρI by the equation of continuity at
the boundary, then we have from (15):
ω
∑
J
eB
c
K−1IJ φ
(0)
J + kλ
′
Iρbφ
(0)
I
+2ρbe
2k log
k0
|k| ·
∑
J
φ
(0)
J = 0, (17)
where we ignored the ω2-order term and k−10 is some
short range cut off. Note that K−1IJ = ν
′p − ν′δIJ , and
define aI = −(eB/c)ν′ω + λ′Iρbk, b = (eB/c)pν′ω +
2e2ρbk log(k0/ |k|) and AIJ = b+ aIδIJ , eq.(17) becomes
∑
J
AIJφ
(0)
J = 0. (18)
Then the eigenvalues are obtained by detA = 0. This
equation becomes
(
eB
c
pν′ω + 2e2ρbk log
k0
k
) |m|∑
J=1
1
ρbλ′Ik − eBc ν′ω
+ 1 = 0.
(19)
If the solution ω to eq.(19) is order of k ln k, we neglect
the terms of order k and obtain
h¯ωk ∼ −ν e
2
π
k log
k0
|k| . (20)
For the other solutions, it can be seen that ω ∼ k. Then
AIJ ∼ b and we get from eq.(18),
∑|m|
I=1 φ
(0)
I = 0. Then
we find these mode are neutral modes. Especially in the
case of ν = 2/3, the solutions to eq.(19) are
h¯ωk ∼ −2
3
e2
π
k log
k0
|k| (21)
and
h¯ωk ∼ 3
2
ρbℓ
2
B (λ
′
1 + λ
′
2) k. (22)
The former mode is the edge magnetoplasmon and the
latter mode is the neutral mode. The propagating direc-
tions of these modes are opposite to each other.
Lastly we discuss the time-of-flight experiment in the
ν = 2/3 FQHL in terms of the results obtained above.
As discussed below eq.(14), the neutral mode is not “neu-
tral” locally within the length scale of ℓB. If one can de-
tect such a local charge density, the neutral mode prop-
agating in the opposite direction should show up. How-
ever in the experimental setup in ref. [3], the charge is
introduced to a wide region near the edge whose length
scale is typically ∼ 1µm(≫ ℓB). Hence the total charge∫
dxδρ(x) integrated perpendicular to the edge is rele-
vant, and only the edge magneto-plasmon should be de-
tected as observed experimentally.
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